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Abstract. This paper is concerned with the dynamics of an infinite-dimensional gradient system 
under small almost periodic perturbations. Under the assumption that the original autonomous 
system has a global attractor given as the union of unstable manifolds of a finite number of hy- 
perbolic equilibrium solutions, we prove that the perturbed non-autonomous system has exactly 
the same number of almost periodic solutions. As a consequence, the pullback attractor of the 
perturbed system is given by the union of unstable manifolds of these finitely many almost periodic 
solutions. An application of the result to the Chafee-Infante equation is discussed. 
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1 Introduction 

In this paper, we study the dynamics of an infinite-dimensional gradient system under almost 
periodic perturbations. Let Aq be a sectorial operator in a Banach space X and A" be the 
fractional powers of X with < a < 1. Consider the autonomous nonlinear equation 

dx 

— +Aox = f{x), x{0) = xo, (1.1) 

where / : A° — > A is locally Lipschitz continuous. Suppose for each xq E A", the initial- value 
problem (jl.ip has a unique solution x G C([0, oo); A"). Assume further that equation (jl.ip has 
a Liapunov function and only a finite number of equilibrium solutions 1 < i < n. If problem 
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(jl.ip has a global attractor A, then it is well know (see, e,g., [T] ) that A is given by the union of 
unstable manifolds of all the equilibrium solutions, i.e., 

n 

A=(jw^{x:), (1.2) 

i=l 

where VF"(x*) is the unstable manifold of x*. 

In this paper, we want to explore the effect of almost periodic perturbations on the structure of 
the attractor A. More precisely, given e > 0, consider the non- autonomously perturbed equation 

dx 

— + Aqx = f{x) + g^{t,x), x{t) = xo, (1.3) 

where ge{t,x) : M x X° ^ X is an almost periodic function in t uniformly in x, and ^ in a 
sense (which will be made clear in the next section). Under certain conditions, we will prove that, 
for every small e > 0, problem (|1.3|) has exactly n almost periodic solutions 4>* ^, i < i < n, and 
each (j)*^ corresponds to an equilibrium solution of problem (jl.ip . This result along with [2] 
implies that the pullback attractor {Ae{t)}t£M. of problem (jl.Sp can be characterized by 

n 

A{t) = (jw:'{<Pl){t), teR, (1.4) 
1=1 

where W^{4>*^) is the unstable manifold of the almost periodic solution (p*^, which will be defined in 
Section 2. By (|1.2p and (|1.4p we see that the structure of the attractor A is preserved under a small 
almost periodic perturbation, and the almost periodic solutions (j)*^ play exactly the same role on the 
dynamics of the perturbed system as the equilibrium solutions x* do on the autonomous equation. 
In this sense, almost periodic solutions are appropriate extension of equilibrium solutions to almost 
periodic systems. In particular, when the perturbation g^^ is time-periodic, it can be proved that 
the almost periodic solutions (p* ^ are actually periodic solutions. In this case, the dynamics of the 
corresponding periodic systems is completely governed by a set of finitely many periodic solutions. 

Closely related to the present paper, a more general non-autonomous perturbation problem was 
recently studied by Carvalho et. al. in [2', 'Sj, where the perturbation g^ was not assumed to be 
almost periodic in time. In that case, the authors proved that, for each i with 1 < i < n and each 
small e > 0, the equation p.Sp has a complete solution ^* ^ (i.e., is defined for all t € M) which 
corresponds to the equilibrium solution x* of equation (jl.ip . Further, the authors proved that the 
pullback attractor {Ae{t)}t£R of the perturbed equation is given by 

n 

Mt) = \Jw:^{Cl){t), teR, (1.5) 

i=l 
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where W^{^,*J is the unstable manifold of This is a remarkable result on the exact structure of 
pullback attractors of an infinite-dimensional non-autonomous system. Note that, in the nontrivial 
case, the non-autonomous equation (jl.3p has infinitely many complete solutions. In fact, every 
solution starting from the attractor is a complete solution. The authors of [2j successfully identified 
a finite number of complete solutions which are crucial in determining the structure of the pullback 
attractor. In this paper, we will prove that the complete solution (1 < i < t^) founded in [2] 
are actually almost periodic solutions when the perturbation is uniformly almost periodic. We 
further demonstrate that problem (jl.Sp has no other almost periodic solutions except those ^*^. 
The convergence of solutions of the perturbed equation was also established in [2]. Particularly, 
they proved that every solution of the equation converges to one of the complete bounded solutions 
as t ^ oo. 

The solutions and dynamics of almost periodic differential equations have long been investigated 
in the literature, see, e.g., [lElElElElEllinilllllllKISKIKIl]. Particularly, the w-limit sets of 
almost periodic equations have been studied by the authors of [71 [51 [9l [lOl [11] . 

In the next section, we will recall some concepts on sectorial operators and uniformly almost 
periodic functions. We will present our main results in this section. Section 3 is devoted to the proof 
of the results. We first show the existence of almost periodic solutions for the non-autonomously 
perturbed equation, and then prove the number of almost periodic solutions is finite. In the 
last section, we discuss an application of our results to the Chafee-Infante equation under almost 
periodic perturbations. 

2 Notation and Main Results 

Let ^0 be a sectorial operator in a Banach space X with norm || • ||. Suppose there is a number 
a € M such that the fractional powers {Aq + al)" are well defined for all a € M. Set Ai = Aq + al 
and X" = D[A'^), the domain of A'^, for a > 0. Then it is known (see, e.g., fl6j) that X" is 
a Banach space with the graph norm ||x||q. — |[^^|| for x G /^(-A^). From now on, wg assume 
a G [0, 1) and / : X^^ — J- X is a continuously differentiable function that is Lipschitz continuous in 
bounded subsets of X^. Consider the nonlinear autonomous equation 

dx 

— + Aox = f{x), t>0 and x(0) = xq e X'^. (2.1) 

Suppose Problem (12. ip is well-posed in X", that is, for each xq G X"" the initial- value problem 
has a unique solution x € C([0,oo);X") which depends continuously on initial data xq in X°'. 
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Let {S{t)}t>o be the evolution semigroup generated by problem (j2.ip . that is, for every t > and 
xq € X", S{t)xQ = x{t,xo), the solution of equation (j2.ip at time t with initial condition xq. If 
Xq G X" and S{t)xQ = Xq for all t > 0, then Xq is called an equilibrium solution of {S'(t)}t>o- An 
equilibrium solution Xq is said to be hyperbolic if the spectrum of j4 = Aq — /'{xq) does not intersect 
the imaginary axis, and there is a projection P : X ^ X such that the following conditions are 
satisfied, for some positive numbers M and /3: 

g-Aip ^ Pe"^*, y t>0. (2.2) 
||e"^*Px|| < Me^* 11x11, V x G X, V t < 0. (2.3) 
||e-^*(/-P)x|| < Me-'^ixll, V x e X, V t > 0. (2.4) 
Then it follows from Lemma 7.6.2 in |16) that there is a positive number Mi such that for all x G X: 

|[g-A(t-s)p^|[^ < Mie'^(*-')||x|l, yt<s, (2.5) 
_ p^^ii^ < Afie~^(*~") max{l, {t - s)-"}||x||, V t > s. (2.6) 

Throughout this paper, we assume that {S'(t)}tgK has the following properties: 
(HI) {^(t)}^^!^ has a global attractor A in 

(H2) {S'(t)}jgiR has only a finite number of hyperbolic equilibrium solutions x*, 1 < i < n. 
(H3) {-S'(t)}jgiR has a Liapunov function in X". 

Under these conditions it is well known (see, e.g., |lj) that the attractor A has the structure 

n 

A=[jW^{x*), (2.7) 

i=l 

where W'^{x*) is the unstable manifold of x*. We intend to examine the behavior of this attractor 
under small almost periodic perturbations. Recall that a continuous function (7 : M ^ X is called 
an almost periodic function if for every 5 > there exists a positive number / (depending on 5) such 
that every interval / of length / contains a number s for which \\g{t + s) — g{t)\\ < 6 for all t € M. 
Every almost periodic function g is bounded, i.e., g G Cb(M, X), where Cb(^,X) is the Banach 
space of all continuous and bounded functions from M to X with norm ||5|lcb(R,x) = sup ||5(t)||. A 
continuous function g{t, x) : M x X'^ — )• X is said to be almost periodic in t uniformly in x if for 
every 5 > and every compact subset K of X" there exists a positive number / (depending on 6 
and K) such that every interval / of length / contains a number s for which 

\\g{t + s,x) - g{t,x)\\ < 6 for all t G M and x e K. 
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Given e € [0,1), let g^{t,x) : M x ^ X be almost periodic in t uniformly in x. We further 
assume that is continuously differentiable in a; S X" and satisfies, for every r > 0, 

(H4) limsup sup + =0. 

Consider the equation with almost periodic perturbations 

dx 

— + Aox = f{x)+g,{t,x), x{t) = xo€X'^, (2.8) 

where t > t with r € M. Suppose, for each xq E X", the initial- value problem ()2.8p has a 
unique solution x G C([t, oo);X") which depends continuously on initial data xq in X°'. Let 
{S'e(f,r) : r G M, t > r} be the evolution process generated by the non-autonomous equation (j2.8p . 
that is, for every r G M, t > r and xq G Se{t,T)xo = x^{t,T, xq), the solution of equation (|2.8p 
with Xe(T, T, Xq) = Xq. For Convenience, we also write the process as Se{-, •) occasionally. 

A family of compact subsets of X", {Ae{t)}teR, is called a pullback attractor of Se{-,-) if the 
following conditions are fulfilled: 

(1) {Ae{t)}t£M. is invariant, i.e., for all r G M and t>T, 5e(i,r)^e(r) = A^it). 

(2) {Ae{t)}t£R attracts all bounded subsets B of X°', i.e., dist{Se{t, t)B, Ae{t)) — )• as r — > —oo, 
where the Hausdorff semi-distance in X" is used. 

Suppose Se{-,-) has a pullback attractor {Ae{t)}t<=M.. We will characterize the structure of this 
attractor in the present paper. To the end, we further assume that there are eo > and a compact 
subset K of X" such that 

(H5) U UMt)^K. 

e<eo ieM 

Under assumptions (H1)-(H5) we will prove that problem (|2.8p has exactly n almost periodic 
solutions and the pullback attractor is the union of unstable manifolds of all the almost periodic 
solutions. Our main results are summarized as follows. 

Theorem 2.1. Suppose (H1)-(H5) hold and ge{t,x) is almost periodic in t G M uniformly in 
X G X". Then there is cq > such that for every e G (0, eo) problem (j2.8p has exactly n almost 
periodic solutions (j)* ^, 'i < i < n. Further, each (j)*^ corresponds to the equilibrium solution x^ of 
problem (j2.ip in the sense: 

lim sup ||(/)*^(t) — j;*||q, = 0, V 1 < i < n. 
As a consequence of this result, it follows from Theorem 2.11 of [2] that the pullback attractor 
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of problem (j2.8p can be characterized by the union of unstable manifolds of the almost periodic 
solutions. More precisely, we have: 

Corollary 2.2. Suppose (H1)-(H5) hold and g^{t,x) is almost periodic in t G M uniformly in 
X € X". Then there is eo > such that for every e E (0, eo).' 

(1) The puUback attractor {Ae{T)}reM of problem (j2.8p is given by 

n 

A(r) = |JVF,"(CJ(r), TGM, 

i=l 

where W^{(j)* ^){t) consists of all xq £ X°' such that there is a backwards solution x{t,T,xo) of 
problem (j'2.8p for which x(r, r, xq) = xq and \\x{t,T,xo) — (p* ^(t)\\a — )• as t — ;> — oo. In addition, 
for every r € M, the Hausdorff dimension of Ae{T) is the same as that of A. 

(2) For every r € M and xq G X°' there exists i G {1, • • • , n} such that \\S^{t, t)xq — 'p*i^{t)\\a — ^ 
as t oo. In addition, if S{t,T)xQ is a complete bounded solution, then there is j ^ i such that 
\\Se{t,T)xo — )• <Aj,e(OII« ^0 as t ^ — oo. 

3 Proof of Main Results 

This section is devoted to the proof of our main results. We first prove the existence of almost 
periodic solutions of problem (j2.8p . 

Lemma 3.1. Suppose (H^) holds and g^{t,x) is almost periodic in t (z M uniformly in x £ X". 
Then for every hyperbolic equilibrium solution Xq of problem (j2.ip . there are positive numbers and 
eo such that for each e G (0,eo), problem (|2.8p has a unique almost periodic solution x* : M ^ X" 
which satisfies — XqWc^^^^^x^) < 5q. Furthermore, x* — > Xq in Cfe(M,X") as e — )■ 0. 

Proof. Suppose that x : M ^ X" is an almost periodic solution of equation (j2.8p . Then for 
y = 2; — Xq,tGM and t > t we have 

^ + Ay = h{y)+g,it,x*o + y), (3.1) 

where A = Aq - f'{xl) and h{y) = f{y + x^) - f{xl) - f'{xl)y. Note that /i(0) = and /i'(0) = 0. 
It follows from (f3l^ that, for alH > r with r G M, 

y{t) = e'-^(*-^)y(r) + f e-^(*-^) {h{y{s)) + g,{s, xl + y{s))) ds. (3.2) 
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Since Xq is a hyperbolic equilibrium solution of problem (|2.ip . there is a projection P satisfying 
([221)- ([22]). Applying P and / - P to 1^ we find that 

rt 



Py{t) = e-^(*--)Py(r) + j e-^(*-^)p {h{y{s)) + g,{s, + y{s))) ds, (3.3) 
and 

(/ - P)y{t) = e-^(*--)(/ - P)y{T) + j' e~^^'-'\l - P) {h{y{s)) + g,{s, x*, + y{s))) ds. (3.4) 

Note that y : M — > X" is bounded since it is almost periodic. Letting r — )• +oo and r —oo in 
([33]) and ([331), respectively, by ([23]) and ([23]) we obtain 



Py(t) = -J^ e~^(*~^)p (/i(y(5)) + 5.(5, x*, + y{s))) ds, 

and 

{I-P)y{t)= f e-^('--'Hl-P){h{y{s))+g,{s,x*o + y{s)))ds. 
J —00 

Therefore, y must satisfy the equation, for all t € M, 

rt POD 

y{t) = / e-^(*-^)(/-P)(/>,(5,y(.))d.- / e-^(*-^)p,/.,(s, y(s))ds, (3.5) 



where (j)^{t,x) = h{x) + g^{t,XQ + x) for t G M and x S X"^. Conversely, if y : M — ?> X" is almost 
periodic and fulfills p.Sp . then y is an almost periodic solution of equation (|2.8p . So finding an 
almost periodic solution of equation (|2.8p amounts to finding a fixed point of the mapping J-" given 
by 

/t poo 
e-^(*-)(/_P)0^(s,y(s))ds- / e-^(*-^)p,/.,(s,y(s))ds. (3.6) 
-00 ^ £ 

Given 5 > 0, set 

Z = {y : M — > X", y is almost periodic and sup ||y(t)||a < 5}. 

Then Z is a complete metric space with distance induced by the norm of Cb(IR, X"). In what 
follows, we will prove, for a sufficiently small 6, J- has a unique fixed point in Z. 

Note that h is continuously differentiable and h'{0) = 0. So there is 5i > such that for all 
x G X" with |la;||a < 5i, 

l|/^'WllL(X",x)<min|^, 8^^p(i_^), 2Mi(4/3-i + 2/3-ir(l - a)) / ' ^^'^^ 
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where (3 and Mi are the positive constants in (j2.5p and (j2.6p . and r(a) is the value of the F function 
at a. Let (^o = min{l, 5i}. Then given 5 G (0, (5o], by (H4) we find that there is eo > depending 
on 6 such that for all e < eo, 

sup sup <min<^— — , 3.8) 

tm \\x\U<i+\\xi\U 18^1 8Mir(l-a)J 

and 

Given y G Z it follows from ([23|) - ([2:6]) and (fS^B]) that 

/"OO /"t 

||-F(2/)(t)|U<Mi / e^^'~'^msMs))\\ds+Mi / e-^(*-^)(l+(t-s)-°)||<Ae(5, y(5))||ds. (3.10) 



The right-hand side of (j3.10p is estimated as follows. Since y ^ Z and 5 < 5i, by (j3.7p we get, for 
ah s G M, 



1— a J 



ll^(y('5))ll = ll^(y(s)) - ^(0)11 < sup ||/i'(x)||i(^ax) sup ||y(s)||„ < minx ——, : 

||x|U<5 seR l8Mi 8Mir(l-a) 

which along with (|3.8p shows that, for all e < eo, 

sup (Ae(s,y(s ) < mm<^ — — , r^. (3.11 

seR l^Mi 4Mir(l-a)J 

By (f3T0]l and (IXTB we find that, for all t G M, 



|-F(y)(t)|U <^sup||,/.,(s,y(5))||+Misup||</.,(s,y(5))|| / e-^(*-^)(t - .)-°ds 

P seR sgM J-oo 

^ o*^ + TFT^ / a'^'s-'^ds < S, (3.12) 



2 4r(l - a) 

where we have used the integral Jq°° e~^'^ s~'^ds = /3"~^r(l — a) for < a < 1. Note that (j3.12p 
implies Fiy) G C5(M, X") with norm ||-7^(y)||c6(iR,X") ^ '^^ We now prove T{y) is almost periodic. 
If y G then y : M — )• X° is almost periodic and hence the set {y{t) : t G M} is precompact 
in X". As a consequence of this, it follows from [H] (Theorem 2.7, page 16) that the functions 
ge(-,a^o + y(-)) &ud h(y{-)) are almost periodic functions with values in X. Therefore, (l)e{t,y{t)) = 
h{y{t)) + g^[t,y{t)) is also almost periodic in X. By definition, given > 0, there is a positive 
number / (depending on rj) such that every interval / of length / contains a number a for which 

\\(l),{t + a,y{t + a))-(t>,{t,y{t))\\<r^, V t G M. (3.13) 
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Using (I23])-(IM]) and (l3J3]l . from ([MD we obtain, for all t G M, 

\\T{y){t + a)-:F{y){t)\\^ 

<\\ r\-^^'+"-'\l-P)Us,y{s))ds- f e-^^'-'\l - P)Us,y{s))ds\ 

J —CO J —CO 

POO rco 
Jt+cr Jt 

<\\ f e-^^'-'\l-P){ct>e{s + a,y{s + ^))-<Pe{sMs)))ds\U 

J — oo 

r e-/^^*-^) (1 + (t - 5)-") [[./-.(s + a, y{s + a)) - Ms, y{s)) \\ds 

J — oo 

/oo 

ft f'CO 

< 7]Mi / e-^^^-'^ (1 + - + r/Mi / e'^^^-'^ds 



ft 

< Ml 

-oo 



< r/Mi (2/3-1 ^ /3"-ir(l - a)) , 

which shows that J^{y) : M — ?> X" is almost periodic. By (j3.12p we see that J- given by (j3.6p maps 
Z into itself. We next show that : Z — t- Z is a contraction. 



Let yi,y2 G Z. By ([M]) and (I23])-(1M]) we have 

myim-T{y2m\\a 

J —oo 



-oo 
/■oo 

+ 11 / e-^^'-'^P{Us,yi[s)) - ck,{s,y2{s)))ds\ 



< Ml / e-''(*-^)(l + (t - 5)-°)||</..(s, yi(5)) - Ms,y2{s))\\ds 

J — oo 

/oo 
e^(*-^)||<Ae(s,yi(s)) - Ms,y2ismds. (3.14) 

It follows from (fST]) and ([S^Q]) that 

ll</'e(s,yi(s)) - (/',(s,y2(s))|| 



< 



< \\h{yi{s)) - h{y2{s))\\ + \\ge{s,x*o + yi{s))-g,{s,x*o + y2is))\\ 

< sup ||/i'(x)||i(x«,x)l|yi(s) - y2(s)IU 

+ SUp sup \\^{s,x)\\^x'-,X)\\yi{s) - y2is)\\a 

seM ||x||a<||x2||„+l o'x 

By (I3H]1 and (f3l^ we obtain, for all t G M, 

||^(2/i)(t)-^(y2)(t)IU 

1 / /"CO /"OO 

(4r-^2^^-r(i-.)) 3ii^''"-''-">ii°W„ 

which shows that 

sup||(^(yi)-7-(y2))(t)IU < J sup ||(yi - y2)(t)IU, 

and hence J-" : Z ^ Z is a contraction. By the fixed point theorem, has a unique fixed point 
y* in Z, which implies that x* = Xq + y* is the unique almost periodic solution of equation (j2.8p 
satisfying sup — Xglla < 6. Taking 6 = 6o we get the first part of Lemma IXTl For arbitrary 

5 G (0, (Jo], the above process shows that 

lim sup — Xolla = 0, 

which completes the proof. □ 
We are now in a position to prove our main results. 

Proof of Theorem 2.1. Given 6 > and xq E X", denote by Ba{xo, 6) the closed ball in X" 
with center xq and radius 5, that is, 

Ba{xo, 6) = {x G X" : ||x — xolla < 6}. 

Since equation (j2.ip has only a set of finitely many equilibrium solutions x* {1 < i < n), there is 
6o > such that Ba{x*, 5q) P| ^^(x^, (Jq) = for all z, j G {!,••• , n] with i 7^ j. Furthermore, for 
each i G {1, ■ • • , n}, by Lemma [XT] there exist 5i G (0, Jq) and > such that for every e G (0, e^), 
equation (|2.8p has a unique almost periodic solution cj)*^ for which (l)*^{t) G Ba{x*, 5i) for all t G M. 
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Let eo = min{ei : 1 < « < n}. Then, for every e € (0,eo), we want to show that t/)*^, 1 < i < n, 
are the only ahuost periodic solutions of equation (j2.8p . Suppose x* : M ^ X° is an arbitrary 
almost periodic solution of equation (j2.8p . Since an almost periodic solution is a complete bounded 
solution, it follows from [2j that there is z € {1, ■ ■ ■ ,n} such that 

lim \\x:{t) - = 0. 

Therefore, given rj > 0, there is T > such that for all t >T, the following holds: 

\\xt{t)-cf>lM\a<V- (3.16) 

On the other hand, since x* is almost periodic, for the given r] > 0, there is a positive number I 
(depending on rj) such that every interval / of length I contains a number s for which 

||x:(r + s)-x:(r)|U <?7, V r G M. 

This implies that for every t G M, there is a number sq £ [T — t, T — t + I] such that 

\\x:{t + so)-x:{t)\\a<rj. (3.17) 

By So £ [T — t, T — t + I] we have t + sq G [T,T + I] and hence it follows from ()3.16p that 

\\x:{t + so)-<PUt + so)\\a<il. (3.18) 

By (|3T7l) and ([3l8]) we obtain 

\\x:{t)-<Plit + so)\\a<2v. (3.19) 

Since (?!>*^(t) G 5„(x*, 5^) for all t G M, we find from (fXT9]) that, for all t G M, 

IK(i) < 5i + 27?, Vr/>0. 

Taking r/ ^ 0, we see that x* is an almost periodic solution of equation ()2.8p which satisfies 
x*(t) G Ba{x*,5i) for all t G M. Note that i?!)*^ is the unique almost periodic solution of the 
equation which belongs to Ba{x*,6i). Therefore we must have x*{t) = (f>*^{t) for all t G M. Since 
X* is an arbitrary almost periodic solution, we see that the non-autonomous equation has no any 
other almost periodic solutions except (p*^, 1 < i < n. This concludes the proof of Theorem 2.1. 

As mentioned earlier, Corollary 2.2 was proved by Carvalho et. al. in [2J when (j)*^, 1 < i < n, 
are complete bounded solutions. In the present paper, we demonstrate that these solutions are 
actually almost periodic solutions under almost periodic solutions. Therefore, Corollary 2.2 is an 
immediate consequence of Theorem 2.1 and the results of [2]. 
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4 Applications 



In this section, we discuss an application of our results to the Chafee-Infante equation and describe 
the almost periodic dynamics of the non- autonomous equation under small perturbations. The 
one-dimensional Chafee-Infante equation reads 

^-^ = A(n-u3), xG(0,7r), t > 0, (4.1) 



with the boundary condition 



and the initial condition 



u{t,0) = u{t,TT) =0, t>0, (4.2) 
u{0,x) = Uo{x), xG(0,7r), (4.3) 



where A is a positive parameter. 

Let ^0 = -dxx with domain D{Ao) = H'^{{0,Tr))f]H^{{0,Tr)). Then 

^0 is a sectorial operator in 

X = L^((0, vr)) and the eigenvalues of Aq are given by A„ = where n is any positive integer. It is 

1 

well known that problem (j4.ip - (j4.3p is well-posed in D(Aq) = i/Q((0,7r)). In other words, system 
(j4.ip - ()4.3p defines a continuous semigroup {S'(t)}tgK on Hq{{0,tt)) (see, e.g., [16]). This semigroup 
has a global attractor A in H^{{0, vr)). The structure of equilibrium solutions of problem (|4.ip - ()4.3p 
is well understood. Actually, for every A G (n^, (n + 1)^) where n is any nonnegative integer, it 
was proved by Chafee and Infante in [T7| that problem (j4.ip - (j4.3p has exactly 2n -|- 1 equilibrium 
solutions. It was further proved by Henry in [18] that all these equilibrium solutions are hyperbolic. 
Let V : H^{{0, vr)) ^ M be given by 

V{u) = £ ((|^)2 - An2 + Iatx^^ dx, Vug Fi((0,7r)). 

Then ^ is a Liapunov function of {^(t)}^^]^. So assumptions (H1)-(II3) are all fulfilled in this 
case, and the attractor A is given by the union of unstable manifolds of the (2n -|- 1) equilibrium 
solutions. Further the Hausdorff dimension of ^ is n as shown in [J6j. 

Suppose 5 : M — > M is an almost periodic function and h G L^((0, vr)). Given e > 0, consider now 
the non-autonomously perturbed equation, for all r G M, 

- ^ = \{u-u^) + egit)h{x), xG(0,7r), t > t, (4.4) 
with the boundary condition 

u{t,0) = u{t,Tr) = 0, t>T, (4.5) 
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and the initial condition 

u{t,x) = Uo{x), a;G(0,7r), (4.6) 

Set g^{t,x) = eg{t)h{x) for all t € M and x G (0, vr). Then it is evident that satisfies condi- 
tion (H4). Given e > 0, the existence of pullback attractor {Ae{t)}t&'M. for problem ()4.4p - (j4.6p in 
ifo((0, vr)) can be proved by standard arguments, see, e.g., [5l[19]. Note that g : M — )• M is bounded 
since it is almost periodic. Then it is easy to verify that the attractor {Ae{t)}t€K. indeed satisfies 
condition (H5) with eo = 1. Applying Theorem 2.1 and Corollary 2.2 to system (j4.4p - (j4.6p we have 

Theorem 4.1. Let n he a nonnegative integer and A € {n'^,{n + 1)^). Then There is eo > 
such that for every e G (0, eg), problem (j4.4p - (j4.6p has exactly 2n + 1 almost periodic solutions 
(f)*^ : M Hq{{{^^'k)), 1 < i < 2n + 1. The system has an n-dimensional pullback attractor 
{Ae{t)}t<^M. which is the union of the unstable manifolds of the almost periodic solutions. Further, 
every solution of problem (j4.4p - (j4.6p converges to one of those almost periodic solutions. 
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